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Mini Tutorial at CPML:  
Learning Markov Random Fields for 
Combinatorial Structures via Sampling 
through Lovasz Local Lemma



What are combinatorial structured problems?

• Dependency parsing in NLP 

• Input: sequence of words 

• Output: the grammar relationship 
between words. 

• Constraint: must be a tree.
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Input

Output

Input Output

• Sink-free orientation of graph 

• Input: a connected undirected graph

• Output: edge orientation.

• Constraint: no sink



Learning to generate combinatorial structures 

3

Learning generative models over combinatorial structures involve 
matching the model distribution with the data distribution.

Data distribution

XX1 X2 X3 X4 X5

Probability 
distribution P(X)

…

Current model distribution



Learning to generate combinatorial structures 
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XX1 X2 X3 X4 X5

Probability 
distribution P(X)

…

decrease likelihood

increase likelihood

Increase the likelihood of structures in the training data while 
decreasing those not seen (generated by reasoning algorithms)




Learning to generate combinatorial structures 
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Valid

XX1 X2 X3 X4 X5

Probability 
distribution P(X)

…

decrease likelihood

Invalid

increase likelihood
Gap: Existing works generates invalid combinatorial 
structures; resulting in learning to separate valid and 
invalid structures. 


But NOT learning the structural difference between valid 
structures in the training dataset and those outside.




Learning to generate combinatorial structures 
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Valid

XX1 X2 X3 X4 X5

Probability 
distribution P(X)

…

decrease likelihood

Invalid

increase likelihood

Our contribution: develop a fully-differentiable constraint 
reasoning layer based on Lovasz Local Lemma that 
samples valid structures for learning. 
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Given: 
- Discrete variables , with .

- Constraints .

X = {Xi}n
i=1 X ∈ {0,1}n

C = {c1, c2…}

Indicator function  when all constraints are satisfied.C(x) = 1

Probability distribution:


Pθ(X = x |C) =
exp( fθ(x))

ZC(θ)

Normalizing constant  ensures the probability sums up to 1.
ZC(θ)

Main difficulty: Hard to compute

Constrained Markov Random Field (MRF)



Learning Constrained MRF
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Learning Objective:  Minimize the negative log-likelihood over a training set :





D

−
1

|D | ∑
x∈D

log Pθ(X = x |C)

Sample from the constrained MRFSample from the dataset D

The gradient of the negative log-likelihood is:


.−𝔼x∼D [∇θϕθ(x)] + 𝔼x′￼∼P(X|C) [∇θϕθ(x′￼)]



Learning Constrained MRF
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Learning Objective:  Minimize the negative log-likelihood over a training set:



−
1

|D | ∑
x∈D

log Pθ(X = x |C)

Our contribution: 

sample valid structures via the Lovasz local lemma.

Sample from the dataset D

The gradient of the negative log-likelihood is:

.−𝔼x∼D [∇ϕθ(x)] + 𝔼x′￼∼P(X|C) [∇ϕθ(x′￼)]



Background on Lovasz Local Lemma

• In 1973, Erdos and Lovasz give a existence proof: 

 there exists a positive probability that none of a series of bad events occur, as long as 
these events are mostly independent from one another and are not too likely individually.
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• In 2010, Moser and Tardos proposed Algorithmic-LLL: 

which is an randomized algorithm to find solutions without breading any bad events

• In 2019 (JACM), Heng Guo, Mark Jerrum et al. confirmed: 

The probability distribution of Algorithmic-LLL and the required condition.



Sampling through Lovasz Local Lemma
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Inputs:  Discrete variables , with . 

Marginal distribution: , where ;


Constraints: 


Output: A valid sample from distribution  subject to constraints .


X = {Xi}n
i=1 Xi ∈ {0,1}

P(X1), P(X2), P(X3) P(Xi = xi) =
exp(θixi)

∑x′￼i∈{0,1} exp(θix′￼i)

C =
c1

(x1 ∨ x2) ∧
c2

(¬x1 ∨ x3)

P(X1)P(X2)P(X3) C

1 0 0
 is violated c2

X1 X2 X3



Sampling through Lovasz Local Lemma
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1 0 0
0 0 1

Resample  from  X1, X3 P(X1), P(X3)

X1 X2 X3

Inputs:  Discrete variables , with . 

Marginal distribution: , where ;


Constraints: 


Output: A valid sample from distribution  subject to constraints .


X = {Xi}n
i=1 Xi ∈ {0,1}

P(X1), P(X2), P(X3) P(Xi = xi) =
exp(θixi)

∑x′￼i∈{0,1} exp(θix′￼i)

C =
c1

(x1 ∨ x2) ∧
c2

(¬x1 ∨ x3)

P(X1)P(X2)P(X3) C



Sampling through Lovasz Local Lemma
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1 0 0
0 0 1

 is violated c1

X1 X2 X3

Inputs:  Discrete variables , with . 

Marginal distribution: , where ;


Constraints: 


Output: A valid sample from distribution  subject to constraints .


X = {Xi}n
i=1 Xi ∈ {0,1}

P(X1), P(X2), P(X3) P(Xi = xi) =
exp(θixi)

∑x′￼i∈{0,1} exp(θix′￼i)

C =
c1

(x1 ∨ x2) ∧
c2

(¬x1 ∨ x3)

P(X1)P(X2)P(X3) C



Sampling through Lovasz Local Lemma
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1 0 0
0 0 1
0 1 1

Resample  from X1, X2 P(X1), P(X2)

X1 X2 X3

Inputs:  Discrete variables , with . 

Marginal distribution: , where ;


Constraints: 


Output: A valid sample from distribution  subject to constraints .


X = {Xi}n
i=1 Xi ∈ {0,1}

P(X1), P(X2), P(X3) P(Xi = xi) =
exp(θixi)

∑x′￼i∈{0,1} exp(θix′￼i)

C =
c1

(x1 ∨ x2) ∧
c2

(¬x1 ∨ x3)

P(X1)P(X2)P(X3) C



Sampling through Lovasz Local Lemma
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1 0 0
0 0 1
0 1 1All constraints are satisfied!

X1 X2 X3

Our contribution: we formulate a fully-differentiable and efficient neural network modules that 
simulates sampling through Lovasz Local Lemma.

Inputs:  Discrete variables , with . 

Marginal distribution: , where ;


Constraints: 


Output: A valid sample from distribution  subject to constraints .


X = {Xi}n
i=1 Xi ∈ {0,1}

P(X1), P(X2), P(X3) P(Xi = xi) =
exp(θixi)

∑x′￼i∈{0,1} exp(θix′￼i)

C =
c1

(x1 ∨ x2) ∧
c2

(¬x1 ∨ x3)

P(X1)P(X2)P(X3) C



Guarantee on constraint satisfaction
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[Probability distribution] Given random variables , constraints  that 
satisfy the extreme condition and the parameters of the constrained MRF in the single variable 
form .  Upon termination, Algorithm outputs an assignment  randomly drawn from the 
constrained MRF distribution: .

X = {Xi}n
i=1 C = {ck}L

k=1

θ x
x ∼ Pθ(X = x |C)

[Extreme Condition] Constraints  is called ``Extreme’’ if for constraints ,  
1) Either their domain variables do not intersect.  
2) Or no variable assignment violates  sharing variables.

C ci, cj ∈ C

ci, cj

satisfy the extreme the conditionConstraints: C =
c1

(x1 ∨ x2) ∧
c2

(¬x1 ∨ x3)

The sampler exactly draw valid structures from the constrained MRF model.



Guarantee on time efficiency
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Theorem (Time complexity) Let  be a non-zero probability of all the constraints are 
satisfied. Let denote the probability that only constraint  is broken and the rest all hold. If 

, the total number of re-samples throughout is  .

q∅
qcj

cj

q∅ ≥ 0
1

q∅

L

∑
k=1

qck

Time is proportional to the number of constraints.

[Extreme Condition] Constraints  is called ``Extreme’’ if for constraints ,  
1) Either their domain variables do not intersect.  
2) Or no variable assignment violates  sharing variables.

C ci, cj ∈ C

ci, cj



Experimental Analysis: constraint satisfaction guarantee
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Our method generates 100% of valid structures



Experimental Analysis: more accurate gradient estimates
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Our method estimates gradient more accurately



Experiments: converge better
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Our method converges to better model with smaller log-likelihood values



Experiments: 2. Learn Sink-Free Orientation in Undirected Graph

generates 100% of valid structures

Time efficient

estimates gradient more accurately

Our method converges to better model with 

higher learning-based metrics.
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